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In this paper we deal with some spaces of vector-valued continuous functions
sŽ . tŽ . ŽC X, E and C Y, F on locally compact spaces X and Y among them the0 0
.spaces of continuous functions vanishing at infinity . After giving some properties
of these spaces, it is shown that the existence of a biseparating map T between
these spaces always implies the existence of a homeomorphism between X and Y.
Some results on automatic continuity are given when T is just separating, linear
and has closed range, as well as a description of T. Finally these results are used to
characterize the linear isometries between some of these spaces. Q 1998 Academic
Press
1. INTRODUCTION
Let K be the field of real or complex numbers. For locally compact
Hausdorff spaces X, Y and K-Banach spaces E, F, we consider some
s Ž . t Ž .Banach spaces C X, E , C Y, F of continuous functions from X into E0 0
s Ž . t Ž .and Y into F, respectively. An additive map T : C X, E “ C Y, F is0 0
s Ž . 5 Ž .5 5 Ž .5said to be separating if whenever f , g g C X, E satisfy f x g x s 00
5Ž .Ž .5 5Ž .Ž .5for every x g X, then Tf y Tg y s 0 for every y g Y. T is said to
be biseparating if it is bijective and both T and Ty1 are separating.
The concept of separating map between the spaces of K-valued continu-
w x w xous functions defined on compact spaces was introduced in 5 . In 8 , some
results of automatic continuity for this kind of map were given, as well as a
description of the general form of such maps when they are linear. These
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w x w xresults have been generalized in 6 and 10 to separating linear maps
between the spaces of K-valued continuous functions defined on locally
compact spaces. In another context, separating maps between spaces of
w x w xK-valued functions have also been studied in 2 and 3 . As for the case of
w xspaces of vector-valued continuous functions, in 7 is given, in another
context, the general form of such maps assuming some continuity proper-
ties and linearity. Also in another context, some related results are given
w xin 1 .
In this paper we study separating and biseparating maps between a wide
s Ž .class of Banach spaces C X, E of vector-valued continuous functions.0
Ž .These Banach spaces contain the space C X, E of E-valued continuous00
functions with compact support, but are endowed with norms which are
5 5not the supremum norm ? . In particular we prove that if there exists a‘
s Ž . t Ž .biseparating map T : C X, E “ C Y, F then X and Y must be home-0 0
omorphic. Also, if T is separating, linear, and has closed range, and E is
finite-dimensional, we give the general form of T and prove that it is
w x w xcontinuous, generalizing results given in 6 and 10 . These results are
finally used to describe the general form of the linear isometries between
these spaces when taking values in K.
s Ž .2. THE SPACES C X, E0
Ž . Ž .We consider the space A X of functions s : X “ 0, q‘ such that,
for every x g X, there exist a neighborhood U of x and two real numbersx
Ž X. X Ža, b ) 0 such that a F s x F b for every x g U note that this impliesx
that if K is a compact subset of X, then there exist a , b ) 0 such thatK K
Ž X. X . Ž .a F s x F b for every x g K . For s g A X , we can consider theK K
s Ž .space C X, E of the continuous functions f : X “ E such that s f0
satisfies the following property: for every e ) 0, the set
5 5x g X : s x f x G e 4Ž . Ž .
5 5has a compact closure in X. It is easy to see that the map ? :s
s Ž .C X, E “ R defined as0
5 5 5 5f [ s f ,s ‘
s Ž .for each f g C X, E , is a norm.0
s Ž . Ž .PROPOSITION 2.1. C X, E is a Banach space, which contains C X, E0 00
as a dense subspace.
Ž . s Ž .Proof. Consider a Cauchy sequence f in C X, E . Then it is clearn 0
Ž Ž ..that, for each point x g X, f x is a Cauchy sequence in E, andn
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Ž .consequently converges to a point, say f x , of E. In this way, we have
defined a map f : X “ E. Take a point x g X. We have that there exist a0
compact neighborhood U of x and two numbers a, b strictly positive0 0
Ž .such that a F s x F b for every x g U . Also given any e ) 0, there0
5 5exists n g N such that if n, m G n , then f y f - e . Consequentlys0 0 n m
e
5 5sup f x y f x -Ž . Ž .n m axgU0
Ž . 5 5and then, if we endow the space C U , E with the norm ? , we have‘0
that the sequence of restrictions of the maps f to U is a Cauchyn 0
sequence. Thus it converges, with respect to the sup norm, to a continuous
Ž Ž .. Ž .map f : U “ E. Also it is clear that f x converges in E to f x forU 0 n U0 0
Ž . Ž .every x g U . Then we have that, for every x g U , f x s f x , and0 0 U0
then it is easy to deduce that f is continuous at every point x g X ; this is,
f is continuous.
5Also, given e ) 0, there exists n g N such that if n G n , then f y1 1 n1
5f - er3. Also the setsn
e
5 5K [ x g X : s x f x GŽ . Ž .0 n½ 51 3
is compact. Consequently, for every n G n , the set1
2e
5 5K [ x g X : s x f x GŽ . Ž .n n½ 53
is contained in K , and then0
5 5K [ x g X : s x f x G e 4Ž . Ž .
s Ž .is also contained in K . This implies that f belongs to C X, E .0 0
5 5Next we are going to see that lim f y f s 0. Given e ) 0, theresn“‘ n
5 Ž . Ž . Ž . Ž .5exists n g N such that s x f x y s x f x F e for every x g X0 n n0
5 Ž . Ž .and n G n , n g N. By taking limits in n, we have that s x f x y0 n0
Ž . Ž .5s x f x F e for every x g X, and we obtain the result.
Ž .Finally it is straightforward to see that C X, E is contained in00
s Ž .C X, E . Also, if we take e ) 0, the set0
e
5 5K [ x g X : s x f x GŽ . Ž .½ 52
Ž . Ž .has compact closure. Consider g g C X, R such that 0 F g x F 1 for00
every x g X, and g ’ 1 on cl K. Then it is easy to see that gf belongs toX
Ž . 5 5 Ž .C X, E and f y gf F e . We conclude that C X, E is dense ins00 00
s Ž .C X, E .0
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Ž .Suppose that s g A X . Then, give x g X, we have that there exist a0
Ž .neighborhood U of x , and a, b g R, a, b ) 0, such that a F s x F b0 0
for every x g U . We denote by U the family of all neighborhoods of x0 x 00
contained in U , which is easily seen to be a directed set with respect to0
Ž .the inclusion. For each U g U , we define x [ sup s x , whichx U x gU0
Ž .clearly satisfies a F x F b. Consider then the net x . It is notU U U g U x0Ž .difficult to prove that x converges in R to the pointU U g U x0
l x s inf x : U g U 4Ž .s 0 U x 0
Ž .and that a F l x F b.s 0
Ž .In this way we have defined a map l : X “ 0, q‘ . It is easy to checks
Ž .that l belongs to A X and that it is upper semicontinuous, in the senses
Ž .that if x g X and r g R satisfy l x - r, then there exists a neighbor-s
Ž X . Xhood U of x such that l x - r for every x g U.s
s Ž .LEMMA 2.2. For e¤ery open subset U of X and f g C X, E , we ha¤e0
that
5 5 5 5sup s x f x : x g U s sup l x f x : x g U . 4  4Ž . Ž . Ž . Ž .s
5 Ž . Ž .5 4 Ž . Ž .Proof. Let M [ sup l x f x : x g U . Since s x F l x for ev-s s
ery x g X, it is clear that it is enough to see that, for every e ) 0, there
5 Ž . Ž .5exists x g U such that s x f x ) M y e . Consider first x g Ue e e 0
5 Ž . Ž .5such that l x f x ) M y er2. Take a compact neighborhood U ;s 0 0 1
5 Ž . Ž .5U of x such that l x f x ) M y er2 for every x g U . Consider0 s 0 1
5 Ž .5d g R, 0 - d - er2 N, where N [ sup f x . By the definition ofx gU1
Ž . Ž .l , there exists x g U such that l x F s x q d . It is easy to sees e 1 s 0 e
that this x does the job.e
s Ž . ls Ž .THEOREM 2.3. C X, E s C X, E , and the identity map i:0 0
s Ž . ls Ž .C X, E “ C X, E is a linear isometry.0 0
Ž . Ž .Proof. It is clear that, since s x F l x for every x g X, thens
ls Ž . s Ž .C X, E ; C X, E .0 0
s Ž .On the other hand, if f g C X, E , then, for every e ) 0, we have that0
the closure of the set
e
5 5K [ x g X : s x f x )Ž . Ž .e ½ 52
is compact. Also, by Lemma 2.2, we have that
e
5 5 5 5sup l x f x s sup s x f x F .Ž . Ž . Ž . Ž .s 2xfcl K xfcl KX e X e
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Consequently the set
5 5x g X : l x f x G e 4Ž . Ž .s
ls Ž .has a compact closure, and then f g C X, E .0
Finally it is immediate from Lemma 2.2 that the identity map is an
isometry.
Note. From now on, assume that s and t are upper semicontinuous
Ž . Ž .functions of A X and A Y , respectively. Note that, by Theorem 2.3, this
Ž . Ž .implies no loss of generality. We extend the notation, writing s ‘ f ‘ s
Ž .Ž . s Ž . s Ž .0 s s f ‘ . We also write C X instead of C X, K . For f : X “ K,0 0
Ž . Ž .0 F f F 1 means that f x g R and 0 F f x F 1 for every x g X. Also,
Ž .for f : X “ E, c f will be its cozero set, that is, the set of all x g X such
Ž . Ž . Ž .that f x / 0. Note that T is separating if c f l c g s B implies that
Ž . Ž . s Ž . s Ž . t Ž .c Tf l c Tg s B, f , g g C X, E . Finally if T : C X, E “ C Y, F0 0 0
Ž .sis a separating map, we introduce Y [ D c Tf .0 f g C Ž X , E .0
3. SOME BASIC RESULTS
s Ž . t Ž .DEFINITION 3.1. Let T : C X, E “ C Y, F be a map. A point0 0
 4x g X j ‘ is said to be a support point of y g Y if, for every neighbor-
 4 s Ž . Ž .hood U of x in X j ‘ , there exists f g C X, E satisfying c f ; U0
5Ž .Ž .5such that Tf y / 0.
w xThe proof of the following result can be basically found in 5 .
s Ž . t Ž .LEMMA 3.1. Let T : C X, E “ C Y, F be a separating map. Then,0 0
 4for each y g Y , there exists a unique support point X j ‘ .0
 4We will denote by h the map from Y into X j ‘ sending each point0
of Y into its support point.0
s Ž . t Ž .LEMMA 3.2. Suppose that T : C X, E “ C Y, F is a separating map.0 0
s Ž . Ž .Ž . Ž .Then, gi¤en f g C X, E and y g Y such that Tf y / 0, h y belongs to0
Ž .  4the closure of c f in X j ‘ .
Ž .Proof. Suppose that this is not true. Then, since h y is the support
s Ž . Ž . Ž  4.point of Y, there exists f g C X, E such that c f ; X j ‘ y0 0 0
Ž . Ž .Ž .cl c f , and Tf y / 0. But note that this is impossible becauseX j ‘4 0
Ž . Ž . Ž . ( .c f l c f s B. Consequently h y g cl f .0 X j ‘4
s Ž . t Ž .LEMMA 3.3. Suppose that T : C X, E “ C Y, F is an injecti¤e sepa-0 0
 4rating map. Then the range of h is dense in X j ‘ .
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 4 s Ž .Proof. Take any open subset U of X j ‘ . Consider f g C X, E ,0
Ž . Ž .f / 0, such that cl c f ; U. Since Tf / 0, we can take y g c Tf .X j ‘4
Ž .Now, by Lemma 3.2, we have that h y belongs to U, and we are done.
s Ž . t Ž .LEMMA 3.4. Suppose that T : C X, E “ C Y, F is a separating map0 0
s Ž .and that y g Y . If f g C X, E is constantly equal to zero on a neighbor-0 0 0
Ž .hood of h y , then Tf ’ 0 on a neighborhood of y .0 0
Ž . Ž .Proof. Consider U a neighborhood of h y such that f x s 0 for0
s Ž . Ž .every x g U. Then we can take g g C X, E such that c g ; U and0
Ž .Ž . Ž . Ž .Tg y / 0. It is then clear that c f l c g s B, and consequently0
Ž . Ž . Ž .Ž . Ž .c Tf l c Tg s B. This implies that Tf y s 0 for every y g c Tg ,
which is a neighborhood of y .0
 4 s Ž .LEMMA 3.5. Consider x g X j ‘ and f g C X, E such that0 0 0
Ž .Ž .   4 5Ž .Ž .5 4s f x s 0. Then, gi¤en r g R, the set x g X j ‘ : s f x - r is0 0 0
 4a neighborhood of x in X j ‘ .0
Proof. Suppose first that x s ‘. Then we have that the set0
5 5 4x g X j ‘ : s f x - r 4Ž . Ž .0
contains
5 5 4X j ‘ y cl x g X : s f x G r , 4Ž . Ž .Ž . X 0
s Ž .which by the definition of C X, E is an open neighborhood of x s ‘.0 0
Suppose then that x g X. Then there exist a neighborhood V of x0 0 0
Ž . Ž .and d g R, d ) 0, such that, for every x g V , s x - d. Also f x s 0,0 0 0
and consequently the set
5 5 4x g X j ‘ : s f x - r 4Ž . Ž .0
contains
r
5 5V l x g X : f x - ;Ž .0 ½ 5d
that is, it is a neighborhood of x .0
s Ž . t Ž .THEOREM 3.6. Suppose that T : C X, E “ C Y, F is separating.0 0
 4Then the map h: Y “ X j ‘ is continuous.0
Ž .Ž .Proof. Let y g Y and suppose that Tf y / 0. Let U be an open0 0 0 0
Ž .  4 Ž  4.neighborhood of h y in X j ‘ and let g g C X j ‘ , 0 F g F 1,0 0 0
Ž . Ž .with cl c g ; U and g ’ 1 on a neighborhood V of h y inX j ‘4 0 0 0
 4 s Ž .X j ‘ . It is clear that g f belongs to C X, E , and then we have that0 0 0
g f ’ f on V and, by Lemma 3.4,0 0 0
T f g y s Tf y / 0.Ž . Ž . Ž . Ž .Ž .0 0 0 0 0
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Ž Ž ..  4We have that c T f g is an open neighborhood of y in Y j ‘ . By0 0 0
Ž Ž Ž ...Lemma 3.2, h c T f g is contained in U. Then h is continuous at y ,0 0 0
 4and consequently h: Y “ X j ‘ is continuous.0
4. BISEPARATING MAPS
s Ž . t Ž .LEMMA 4.1. Let T : C X, E “ C Y, F be a biseparating map. If0 0
Ž .Ž Ž .. s Ž . Ž .Ž .s f h y s 0 for some y g Y and f g C X, E , then Tf y s 0.0
s Ž .Proof. Suppose that, for some y g Y, we may take f g C X, E0 0 0
Ž .Ž Ž .. Ž .Ž .Ž .such that s f h y s 0 and t y Tf y / 0. By Lemma 3.2, this0 0 0 0
Ž . Ž .  4implies that h y belongs to the closure of c f in X j ‘ . By hypothe-0 0
sis, there exist an open neighborhood V of y in Y, and a, b ) 0 such0 0
Ž .that, for every y g V , a F t y F b. Take0
5 5 5 5V [ V l y g Y : Tf y ) Tf y r2 . 4Ž . Ž . Ž . Ž .1 0 0 0 0
It is clear that V is an open neighborhood of y and that, for every1 0
y g V ,1
a
5 5 5 5t y Tf y ) Tf y .Ž . Ž . Ž . Ž . Ž .0 0 02
t Ž . 5 Ž .5 Ž .Consider g g C Y, F such that g y / 0 and c g ; V . Since T is0 0 1
Ž .separating, by Lemma 3.2, we have that h y belongs to the closure of0
Ž y1 .  4c T g in X j ‘ . This implies that, by Lemma 3.5, given any r g R,
r ) 0, the set
5 5 y1 4x g X j ‘ : s f x - r l c T g / B. 4Ž . Ž . Ž .0
Ž .It is easy to see that we can inductively construct a sequence U ofn
Ž y1 . Ž .nonempty open subsets of X satisfying U ; c T g , h y f cl U ,n 0 X j ‘4 n
cl U l U s B, andX j ‘4 n nq1
1
5 5s x f x -Ž . Ž .0 3n
for every x g U , n g N. By Lemma 3.3, we have that h has dense rangen
 4 Ž . Ž y1 .in X j ‘ , and consequently there exists a sequence x in c T g ln
Ž .h Y such that x g U for every n g N. For each n g N, let y g Y suchn n n
Ž .that h y s x . Suppose that, for some n g N, y does not belong ton n 0 n0
Ž . t Ž . Ž . Ž . Ž .cl c g . Consider l g C Y, F such that l y / 0 and c l l c g s B.Y 0 n0
Ž y1 .Then, by Lemma 3.2, x g cl c T l , which is not possible because,n X j ‘40
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Ž y1 . Ž y1 . Ž y1 .since T is biseparating and x g c T g , cl c T l l c T g s B.n X j ‘40
Ž .Consequently, y g cl c g for every n g N.n Y
Ž . Ž  4.Now take a sequence f in C X j ‘ such that f ’ 1 on a neigh-n n
Ž .borhood of x , 0 F f F 1, and c f ; U for every n g N. Definen n n n
‘
g [ nf f .Ý0 n 0
ns1
5 5 2It is easy to see that, since nf f F 1rn for every n g N, then gsn 0 0
s Ž .belongs to C X, E , and that g and nf are equal on a neighborhood of0 0 0
x . Consequently, by Lemma 3.4,n
5 5 5 5t y Tg y s n t y Tf yŽ . Ž . Ž . Ž . Ž . Ž .n 0 n n 0 n
na
5 5G Tf y .Ž . Ž .0 02
We deduce that t Tg is not bounded, which is not possible. Consequently0
t y Tf y s 0 s Tf y .Ž . Ž . Ž . Ž . Ž .0 0 0 0 0
s Ž . t Ž .THEOREM 4.2. Suppose that T : C X, E “ C Y, F is a biseparating0 0
map. Then X and Y are homeomorphic.
Ž .Proof. First we have by Lemma 4.1 by h y / ‘ for every y g Y. Also,
by Theorem 3.6, h: Y “ X is continuous. Since Ty1 is separating, we have
that there exists a continuous map k: X “ Y which sends each point of x
into its support point for Ty1. We are going to prove that k( h and h( k
are the identity maps on Y and X, respectively. Take y g Y and f g
t Ž . Ž Ž Ž ... Ž y1 .Ž Ž ..C Y, F such that f k h y s 0. By Lemma 4.1, T f h y s 0, and0
Ž . t Ž .again by Lemma 4.1, f y s 0. Since C Y, F separates points, we have0
Ž Ž ..that k h y s y, and we are done. Then it is easy to conclude that h is a
Ž .surjective homeomorphism.
s Ž .Remark. When dealing with a separating map T : C X, E “0
t Ž .C Y, F , the conditions of being bijective and even linear are not enough0
to prove that X and Y are homeomorphic, as shown in the following
w x  4 2  4example, taken from 7, Example 4.2 . Take X s 0 , E s R , Y s 0, 1 ,
s Ž .F s R, and s ’ 1 ’ t . Then the surjective linear map T : C X, E “0
t Ž . Ž . Ž . Ž .C Y, F defined as H a, b s f with f 0 s a and f 1 s b is separating0
but X and Y are not homeomorphic.
w xThe proof of the following result is similar to that of 1, Theorem 2.10 ,
given in another context.
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s Ž . t Ž .THEOREM 4.3. Suppose that T : C X, E “ C Y, F is a biseparating0 0
linear map and that E is finite-dimensional. Then E s F.
Proof. Suppose that n and m are, respectively, the dimensions of E
and F. Clearly it is enough to prove that n s m. Suppose that e , e , . . . , e1 2 k
are any elements of F, k ) n. Take y g Y and consider e any function inÄ0 i
t Ž . Ž y1 .Ž Ž ..C Y, F taking the value e at y . Since T e h y , i s 1, . . . , k, areÄ0 i 0 i 0
k < <linearly dependent, there exist a , a , . . . , a g K such that Ý a ) 01 2 k is1 i
k Ž y1 Ž Ž .. kand Ý a T e h y s 0. Consequently, by Lemma 4.1, Ý a e s 0,Äis1 i i 0 is1 i i
which implies that the vectors e , i s 1, 2, . . . , k, are linearly dependent ini
F, and consequently m F n. A similar reasoning proves that n F m.
5. SEPARATING LINEAR MAPS AND
AUTOMATIC CONTINUITY
 4 s Ž .LEMMA 5.1. Suppose that x g X j ‘ and that f g C X, E satisfy0 0
Ž .Ž . Ž .  4s f x s 0. Then there exists a sequence of open sets V in X j ‘0 n
5Ž .Ž .5 4satisfying cl V ; V , for e¤ery n g N, and s f x F 1rn , forX j ‘4 nq1 n
e¤ery x g V ,n
Proof. Suppose first that x belongs to X. We have that there exist an0
Ž .open neighborhood U of x and b g R, b ) 0, such that s x F b for0 0
Ž Ž ..every x g U . Also we have f h y s 0 and we can consider, for n g N,0 0
1
5 5V [ U l x g X : f x - .Ž .n 0 4½ 5bn
Ž .It is clear that V satisfies the statement.n
On the other hand, if x s ‘, by Lemma 3.5, we have that, for every0
r ) 0, the set
5 5 4x g X j ‘ : s f x - r 4Ž . Ž .
 4is a neighborhood of ‘ . Then define
5 5 4V [ int x g X j ‘ : s f x - 1 . 4Ž . Ž .i
 4Xj ‘
Now there exists an open neighborhood W of ‘ such that cl W ;1 X j ‘4 1
V . Then we define1
1
5 5 4V [ W l int x g X j ‘ : s f x - .Ž . Ž .2 1 4½ 52 4Xj ‘
Then it is clear that cl V ; V . Now suppose that we have V , V , . . . ,X j ‘4 2 1 1 2
5Ž .Ž .5 4V , neighborhoods of ‘ such that cl V ; V , and s f x - 1rik X j ‘4 i iq1
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for every x g V , i s 1, 2, . . . , k y 1. Clearly we can take an open neigh-i
borhood W of ‘ such that cl W ; V , and definek X j ‘4 k k
1
5 5 4V [ W l int x g X j ‘ : s f x - .Ž . Ž .kq1 k 4½ 5 4Xj ‘ k q 1Ž .
Ž .It is easy to see that the sequence V obtained in this way also satisfiesn
the statement.
The following lemma gives us a similar result as Lemma 4.1, although
note that here linearity is assumed.
s Ž . t Ž .LEMMA 5.2. Suppose that T : C X, E “ C Y, F is an injecti¤e sepa-0 0
t Ž .rating linear map and that the range of T is closed in C Y, F . If0
Ž Ž .. Ž Ž .. s Ž . Ž .Ž .s h y f h y s 0 for some f g C X, E and y g Y, then Tf y s 0.0
s Ž .Proof. Suppose that we can find f g C X, E and y g Y such that0 0
Ž Ž .. Ž Ž .. Ž .Ž .s h y f h y s 0 and Tf y s a / 0.0 0 0
Ž .Then, by Lemma 5.1 there exists a sequence of open sets V inn
 4X j ‘ such that cl V ; V for every n g N, and for every x g V ,X j ‘4 nq1 n n
5Ž .Ž .5 4s f x F 1rn . Then we define, for n g N, U [ V y cl V .n n X j ‘4 nq1
Ž  4. Ž .For n g N, let f g C X j ‘ be such that 0 F f F 1, f U ’ 1,n n n 4 n
Ž Ž ..f X y U j U j U ’ 0. We have that it is easy to prove thatn 4 ny1 4 n 4 nq1
the functions g [ Ý‘ ff and gX [ f y g are continuous. Also sincens1 n
5 Ž .5 5 Ž .5 Xg x F f x for every x g X, we have that both g and g belong to
s Ž . X ‘C X, E . On the other hand, we can see that g s Ý fh , where0 ns1 n
Ž . Ž .0 F h F 1, and c h l c h s B whenever n / m.n n m
Ž .Ž . Ž X.Ž .Clearly, since T is linear, we have that Tg y / 0 or Tg y / 0.0 0
Ž .Ž .Without loss of generality, we may assume that Tg y s b / 0. Since0
Ž . Ž .c ff l c Ý ff s B and T is separating, we have thatn m/ n m
c T ff l c T ff s BŽ .Ž . Ýn mž /ž /
m/n
‘ Ž . 0for every n g N. This implies that we can write Tg s Ý T ff q h ,ns1 n
where
c h0 l c T ff s BŽ . Ž .Ž .n
Ž 0 .for every n g N note that h may be not continuous in principle .
Ž 2 5 Ž .5 .Now we are going to see that the sequence n T ff is bounded. Ittn
0 ‘ 2 s Ž .is easy to see that g [ Ý n ff belongs to C X, E . Accordingly, andns1 n 0
working as above, we have that
‘
0 2 1Tg s n T ff q h ,Ž .Ý n
ns1
SEPARATING MAPS, LINEAR ISOMETRIES 33
where h1 may not be continuous and
c h1 l c T ff s BŽ . Ž .Ž .n
0 t Ž .for every n g N. Since Tg belongs to C Y, F , we have that0
2 5 5n t T ffŽ .Ž .‘n
‘ Ž . t Ž .is a bounded sequence. Then we have that Ý T ff belongs to C Y, Fns1 n 0
and to the range of T , because it is closed. For this reason, h also belongs0
s Ž . 0to the range of T ; that is, there exists g g C X, E such that Tg s h .0 0 0
0 Ž . Ž .Suppose that h / 0. Clearly c ff l c g / B for infinitely manyn 0
Ž . Ž .n g N, because otherwise, if there exists n g N such that c ff l c g0 n 0
Ž Ž ‘ .. Ž 0.s B for every n G n , then c T Ý ff l c h s B, that is,0 nsn n0
‘
0 0c T ff q h l c h s B,Ž . Ž .Ý nž /
nsn0
which cannot be possible.
Ž . Ž .Thus we can assume without loss of generality that c ff l c g / Bn 0
for every n g N. Since T is injective, for every n g N we can find a
Ž . Ž Ž  4. Ž .sequence of functions g in C X j ‘ and a sequence y g Y suchn n 0
that
cl c g ; c ff l c gŽ . Ž . Ž .X j ‘4 n n 0
5 Ž .Ž Ž ..Ž .5 Ž . Ž . Ž .and t y T g g y s n. By Lemma 3.2, h y g c ff l c g forn n 0 n n n 0
every n g N. Then we have that there exists a g K such thatn
g g q a g h y s 0.Ž . Ž .Ž .n 0 n 0 n
For every n g N, define
1
5 5W [ x g X : s x g g q a g x - .Ž . Ž . Ž .n n 0 n 0 3½ 5n
Ž .We have that, by Lemma 3.5, each W is a neighborhood of h y for everyn n
n g N. Also for each n g N, we see that there exists an open neighbor-
X Ž . X Ž .hood W of h y such that cl W ; c f l int W , andn n X j ‘4 n n X j ‘4 n
1
5 5s x g g q a g x -Ž . Ž . Ž .n 0 n 0 4n
for every x g W X.n
Ž  4.Define also k g C X j ‘ such that 0 F k F 1 for every n g N,n n
c k ; c f l int WŽ . Ž .n n n
 4Xj ‘
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and k ’ 1 on W X. Now for every n g N considern n
l [ k g g q a g .Ž .n n n 0 n 0
It is clear that
1
5 5l Fsn 2n
‘ s Ž .for every n g N and consequently Ý l belongs to C X, E . Also wens1 n 0
Ž . Ž .have that c l l c l s B whenever n, m g N, n / m. Since T is sepa-n m
rating,
‘
5 5T l y s Tl yŽ . Ž . Ž .Ý n k k kž /ž /
ns1
for every k g N. Also for the same reason
B s c T g g l c T ff s c T g g l c T ff q h0 ,Ž . Ž . Ž .Ž . Ž .Ý Ýk 0 n k 0 nž / ž /ž /
n)k n)k
0Ž .which implies that h y s 0. By Lemma 3.4, we deduce that, for everyk
5 Ž .Ž .Ž .5 5 Ž .Ž Ž . 0.Ž .5k g N, t y Tl y s t y T g g q a h y s k. This impliesk k k k k 0 k k
Ž ‘ .that t T Ý l is not bounded, which is a contradiction. Consequentlyns1 n
Ž .Ž .Tf y s 0.0
LEMMA 5.3. Suppose that U is a neighborhood of x g X and e g R,0 0
s Ž . Ž . 5 5e ) 0. Then there exists f g C X such that c f ; U , f F 1 q e , ands0 0
Ž . Ž .s x f x s 1.0 0
Ž .Proof. Without loss of generality, we can assume that s x s 1. Since0
s is upper semicontinuous, we have that there exists an open neighbor-
Ž .hood U of x , U ; U , such that s x - 1 q e for every x g U . Then1 0 1 0 1
Ž . Ž .we take f : X “ K of compact support, such that c f ; U , 1 s f x s1 0
5 5f . It is clear that f satisfies the statement.‘
XŽ . Ž .In the following result L E, F and L E, F will be the spaces of the
linear maps and linear continuous maps from E into F, respectively,
where we consider the latter endowed with the usual norm.
s Ž . t Ž .THEOREM 5.4. Suppose that T : C X, E “ C Y, F is an injecti¤e0 0
t Ž .separating linear map and that the range of T is closed in C Y, F . Then0
1. There exist an open subset Y of Y, a surjecti¤e continuous map h:0
XŽ . Ž .Ž . Ž .Ž Ž Ž ...Y “ X, and a map J: Y “ L E, F such that Tf y s Jy f h y for0 0
s Ž .e¤ery f g C X, E and e¤ery y g Y . Also Jy / 0 for e¤ery y g Y .0 0 0
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If E is finite-dimensional we also ha¤e the three following statements.
Ž . Ž .2. J takes ¤alues in L E, F and J: Y “ L E, F is continuous.0
Ž .3. t Jr s ( h is bounded.
4. T is continuous.
Ž .sProof. 1. We consider as above Y [ D c Tf and h the0 f g C Ž X , E .0
 4map which sends each point of Y into its support point in X j ‘ . First0
Ž .we have that, by Lemma 5.2, h y belongs to X for every y g Y . For0
Ž .Ž . Ž .Ž .y g Y , define a linear map Jy: E “ F as Jy e [ Te y , where e isÄ Ä0
Ž .any function constantly equal to e on a neighborhood of h y . We deduce
immediately from Lemma 5.2 that T is well defined. It is also clear that,&
s Ž . Ž Ž .. Ž Ž ..for any y g Y and f g C X, E , f h y s f h y h y , and byŽ .Ž .0 0 0
Lemma 5.2,
&
Tf y s Tf h y y s Jy f h y .Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .Ž .ž /
s Ž .On the other hand, since for every y g Y there exists f g C X, E0
Ž .Ž .such that Tf y / 0, we deduce that Jy / 0 for every y g Y .0
Now we prove that h: Y “ X is surjective. Take x g X and suppose0 0
Ž .that x f h Y . If V is a compact subset of Y , then there exists a0 0 0
Ž .neighborhood U of x such that h V l U s B, because otherwise since0
Ž .h has dense range Lemma 3.3 and h is continuous, we deduce that
Ž .x g h V , which is not possible. Then take a compact neighborhood U of0 0
s Ž .x , and f g C X of compact support such that f ’ 1 on U . Take0 0 0 0 0
e g E, e / 0. We have that for every e g R, e ) 0, the set
5 5K [ y g Y : t y f h y Jy e G e 4Ž . Ž . Ž . Ž .Ž .e 0 0
has compact closure. Consequently for every n g N, there exists an open
y1Ž .neighborhood U of x , U ; U , such that, for every y g h U ,n 0 n 0 n
1
5 5 5 5t y T f e y s t y f h y Jy e - ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .Ž .0 0 3n
5 Ž .Ž .Ž .5 3that is, t y Jy e - 1rn . Without loss of generality, we may assume
that cl U ; U for every n g N. Then consider a sequence of nonemptyX nq1 n
Ž .open subsets V of X such that cl V ; U y cl U for every n g N.n X n n X nq1
Ž .  4For each n g N, since h Y is dense in X j ‘ , there exists y g Y0 n 0
Ž . s Ž . Ž .such that h y g V , and we can take f g C X such that c f ;n n n 0 n
Ž Ž ..V , 0 F f F 1 and f h y s 1. It is clear that, since T is separ-n n n n
Ž Ž .. Ž Ž ..ating, c T f e l c T f e s B, whenever n / m, n, m g N. Also, it isn m
JESUS ARAUJOÂ36
5 Ž . Ž Ž ..Ž .5easy to check that for every n g N, y g Y , t y n T f e y s0 n
5 Ž . Ž Ž ..Ž .Ž .5 2 ‘ Ž .t y nf h y Jy e - 1rn , and consequently g [ Ý nT f e be-n 1 ns1 n
s Ž .longs to the range of T. Then there exists g g C X, E such that0 0
Tg s g .0 1
Ž . ‘ Ž .We are going to see that c g ; D c f . If this is not the case, take0 ns1 n
Ž . Ž .a nonempty open subset U of c g such that U l c f s B for every0 n
Ž  4. Ž .n g N. Next take k g C X j ‘ , k / 0, such that c k ; U. Since T is
Ž Ž ..Ž .injective, we have that there exists y g Y such that T kg y / 0.0 0 0 0
Ž Ž ..Ž .Also, since T is separating, then for every n g N, T f e y s 0, whichn 0
Ž .implies that g y s 0. But on the other hand, by Lemma 5.2,1 0
Ž Ž ..Ž .Ž . Ž Ž ..Ž .k h y Tg y s T kg y / 0, which is impossible. Consequently0 0 0 0 0
Ž . ‘ Ž .c g ; D c f .0 ns1 n
This implies that g can be written as g s Ý‘ h , where h g0 0 ns1 n n
s Ž . Ž . Ž .C X, E and c h ; c f for every n g N. It is also easy to prove that,0 n n
Ž . Ž .since T is separating, Th s T f e and, in general, Th s nT f e for1 1 n n
every n g N. Since T is injective h s f e for every n g N. Thenn n
Ž Ž ..g h y s ne for every n g N and g is not bounded, which contradicts0 n 0
the fact that its support is compact, because it is contained in U .0
Consequently h: Y “ X is surjective.0
2. Since E is finite-dimensional, we have that Jy is continuous for
Ž .every y g Y . Also we are going to see that J: Y “ L E, F is continuous.0 0
Ž .Take any net y in Y converging to a point y g Y . Since E isi ig I 0 0 0
finite-dimensional, to prove that J is continuous it is enough to prove that,
ŽŽ .Ž .. Ž .Ž .for every e g E, Jy e converges to Jy e , but this is easy fromi ig I 0
the definition of J.
5 Ž .53. First we are going to prove that t Jr s ( h is bounded. If this is
Ž .not the case, there exists a sequence of distinct points y in Y such thatn 0
t y JyŽ .n n 3) n
s h yŽ .Ž .n
for every n g N. Without loss of generality, since E is finite-dimensional,
we can suppose that there exists a norm 1 vector e g E such that
t y Jy eŽ . Ž . Ž .n n 3) n
s h yŽ .Ž .n
 Ž . 4for every n g N. If h y : n g N has an accumulation point x in X, wen 0
have that there exists a compact neighborhood U of x with infinitely0
Ž . s Ž .many h y inside. Take l g C X such that l ’ 1 on U. Definen 1 0 1
Ž . Ž . s Ž .l x [ l x e, for every x g X. It is easy to see that l g C X, E . Since2 1 2 0
Ž . Žthere exists a ) 0 such that s x ) a for every x g U because U is
SEPARATING MAPS, LINEAR ISOMETRIES 37
.compact and
t y Jy l h yŽ . Ž . Ž .Ž .Ž .n n 2 n
t y Tl y s s h yŽ . Ž . Ž . Ž .Ž .n 2 n n s h yŽ .Ž .n
for every n g N, it is easy to see that t Tl is not bounded, which is a2
 Ž . 4contradiction. This implies that the set h y : n g N has no accumula-n
Ž .tion points in X. Now consider a sequence of disjoint subsets V of Xn
Ž .such that V is an open neighborhood of h y for every n g N. Byn n
Ž . s Ž . Ž .Lemma 5.3 we can take a sequence k in C X such that c k ; V ,n 0 n n
5 5 Ž Ž .. Ž Ž ..s k F 2, and s h y k h y s 1 for every n g N. Clearly‘n n n n
‘ Ž 2 . s Ž . ‘ Ž 2 . s Ž .Ý 1rn k belongs to C X , and Ý 1rn k e g C X, E , but asns1 n 0 ns1 n 0
above
‘ 1 1
t y T k e y s t y Jy k h y eŽ . Ž . Ž . Ž . Ž .Ž .Ž .Ýi n i i i i i2 2ž /ž /n ins1
1
s t y Jy eŽ . Ž . Ž .i i 2i s h yŽ .Ž .i
for every i g N, which gives a nonbounded sequence. We arrive again at a
Ž .contradiction and deduce that t Jr s ( h is bounded.
s Ž .4. As a consequence for every y g Y and f g C X, E ,0 0
5 5t y Tf y s t y Jy f h yŽ . Ž . Ž . Ž . Ž . Ž .Ž .Ž .
5 5 5 5F t y Jyr s ( h y s h y f h y ,Ž . Ž . Ž . Ž . Ž .Ž . Ž .
5 5 5 Ž .5 5 5that is, Tf F t Jr s ( h f . This proves that T is continuous.t s
Remark. In Theorem 5.4, the injectivity of T cannot be dropped, as is
 4shown in the following example. Take X [ N, Y [ 1 , s ’ 1 ’ t . Con-
 4sider a filter F in the set of all parts of X, such that X y n belongs to F,
for all n g N. Next we have that there exists an ultrafilter F which0
s Ž .contains F. Consider the linear space V of all f g C X such that0
Ž .X y c f g F . Then let B be a basis of V as a linear space over K. We0
s Ž .can extend B to a basis of B of C X as a linear space over K. Then0 0
we can define T : B “ K as Tf [ 0 if f g B, and Tf [ 1 otherwise.0
t Ž .Since we can identify K with C Y , clearly we can extend by linearity to a0
s Ž . t Ž .map T : C X “ C Y . This map T is separating: suppose that f , g g0 0
s Ž . Ž . Ž . Ž . Ž .C X satisfy c f l c g s B. Then either c f g F or X y c f g F .0 0 0
Ž . Ž .In the first case X y c g contains c f and then we deduce that X y
Ž .c g g F and Tg s 0. In the second case Tf s 0. We conclude that T is0
separating. It is also clear that the support point of y is ‘, and then, since
T is not trivial, Theorem 5.4 does not hold in this case.
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6. AN APPLICATION TO THE STUDY OF
LINEAR ISOMETRIES
In this section we apply the previous results to characterize the existence
of linear isometries between spaces of continuous functions, and to de-
w xscribe them. In 4 similar studies have been carried out for subspaces of
continuous functions endowed with the supremum norm, but using differ-
w xent techniques. See 9 for a systematic account of linear isometries and
related topics.
s Ž . t Ž .LEMMA 6.1. If T : C X “ C Y is a surjecti¤e linear isometry, then it0 0
is separating.
s Ž . Ž . Ž .Proof. Take f , g g C X such that c f l c g s B. Suppose that0
Ž . Ž .there is y g c Tf l c Tg . Since T is linear, without loss of generality we0
Ž .Ž .Ž . Ž .Ž .Ž .can assume that both t y Tf y and t y Tg y are equal to 1.0 0 0 0
Since t is upper semicontinuous, we have that there exists an open
Ž . Ž .neighborhood V of y , contained in c Tf l c Tg , such that0 0
< Ž .Ž .Ž . < < Ž .Ž .Ž . <t y Tf y - 3r2, t y Tg y - 3r2 for every y g V . By Lemma 5.30
t Ž . Ž . Ž . Ž . 5 5we can take l g C Y such that c l ; V , t y l y s n, l F n qt0 0 0 0
5 5 5 51r4, where n ) Tf q Tg . It is clear thatt t
5 5Tf q Tg q l G t y Tf y q Tg y q l y s n q 2,Ž . Ž . Ž . Ž . Ž . Ž .Ž .t 0 0 0 0
5 5 5 5Tf q l - n q 7r4, and Tg q l - n q 7r4. On the other hand, sincet t
5 y1 5 Ž . Ž .T is an isometry, f q g q T l G n q 2. But since c f l c g s B,s
Ž . Ž .we have that, for every x g X, f x s 0 or g x s 0, which gives us that
5 y1 5 5 y1 5 5 y1 5f q g q T l s max f q T l , g q T l 4s s s
5 5 5 5 4s max Tf q l , Tg q lt t
7F n q ,4
which is not possible. Consequently, T is separating.
The proof of the following theorem is easy by Theorem 5.4 and the
proof of Theorem 4.2.
s Ž . t Ž .THEOREM 6.2. Suppose that T : C X “ C Y is a surjecti¤e linear0 0
isometry. Then there exist a surjecti¤e homeomorphism h: Y “ X and a
< Ž . Ž . Ž .Ž . <continuous map a: Y “ K, with t y a y r s ( h y s 1 for e¤ery y g Y,
such that
Tf y s a y f h yŽ . Ž . Ž . Ž .Ž .
s Ž .for e¤ery f g C X and e¤ery y g Y.0
SEPARATING MAPS, LINEAR ISOMETRIES 39
s Ž . t Ž .COROLLARY 6.3. There exists a linear isometry from C X onto C Y0 0
if and only if there exists a homeomorphism h from Y onto X such that
Ž .tr s ( h : Y “ K is continuous.
Proof. By Theorem 6.2, we just have to prove the ``if'' part. We define,
s Ž . s Ž . t Ž .for f g C X and y g Y, the map T : C X “ C Y as0 0 0
s ( h yŽ . Ž .
Tf y s f h y .Ž . Ž . Ž .Ž .
t yŽ .
It is clearly a surjective linear isometry because h is a surjective homeo-
< Ž .Ž .Ž . < < Ž Ž .. Ž Ž .. <morphism and t y Tf y s s h y f h y for every y g Y and f g
s Ž .C X .0
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